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Abstract
which was validated by actual data of Facebook and Tencent in 2013-2015. Since then, the users and the values of Face-

Metcalfe’s law states that the value of a network grows as the square of the number of its users (V « n?),

book and Tencent have increased significantly. Is Metcalfe’s law still valid? This paper leverages the latest data of Face-
book and Tencent to fit the network effect laws and makes the following observations: 1) actual data of network values fit
a cube law (V « n®) better than Metcalfe’s law; 2) actual data of network costs fit a cube law; 3) actual data of network
sizes show a growth trend matching the netoid function well. We also discuss the underlying factors affecting such obser-

vations and the generality of the network effect laws.

Keywords

1 Introduction

Metcalfe’s law was proposed in 1980s by Robert
Metcalfe, the inventor of Ethernet, which states that
the value of a network grows as the square of the
number of its usersll]. Metcalfe’s law provides a pre-
cise definition of network effect and has played an im-
portant role in many fields, including computer sci-
ence, economics, and social sciences. Researches were
published to discuss the validity of Metcalfe’s law or
to validate the law by fitting actual datal> 6. For ex-
ample, in 2013, Metcalfe himself utilized Facebook’s
actual data over 2004-2013 to show a good fit to Met-
calfe’ s lawl® by assuming the network size as the
number of monthly active users (MAUs) and the net-
work value as the company’s annual revenue. In 2015,
Zhang et al. expanded Metcalfe’s results by utilizing
the actual data of Tencent and Facebook and found
that of four network effect laws, Metcalfe’s law fits
the actual data the best[0].

network effect, Metcalfe’s law, cube law, netoid function

Since then, the network sizes and external envi-
ronments of Facebook and Tencent have undergone
tremendous changes. The technology architectures of
both companies are also evolving to meet business
needs(” 8. The number of Facebook’s MAUs increas-
ed from 1.23 billion in 2013 to 2.80 billion in 2020,
and its revenue increased from $7.87 billion in 2013 to
$85.97 billion in 2020%. Tencent’s MAUs also grew si-
gnificantly, from 1.16 billion in 2013 to 1.89 billion in
2019. Its revenue increased from $9.91 billion in 2013
to $54.08 billion in 2019?.

Is Metcalfe’s law still valid for large social net-
works? This paper uses the latest public data of Face-
book and Tencent to validate the network effect laws.
The actual data of the two networks are also used to
find the best fitting cost functions and trend func-
tions.

Although Facebook and Tencent have the com-
monality of being a large social network, the two net-
works are quite different. The diversity may help
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demonstrate the universality of the network effect
laws. The differences are reflected in four aspects.

1) Different User Distributions. Users from US &
Canada, Europe, and Asia-Pacific account for 9.22%,
14.98%, and 42.87% of Facebook’s MAUs in 2020 re-
spectively, while the vast majority of Tencent MAUs
are from China.

2) Different Revenue Composition. Up to 97.90%
of Facebook’s revenue comes from advertising in 2020
while advertising only accounts for 18.12% of Ten-
cent’s revenue in 2019.

3) Different Product Forms. Facebook’s social net-
work is composed of multiple feature-specific APPs,
including Facebook, Messenger, WhatsApp, Insta-
gram, and so on. In contrast, Tencent’s social net-
work is built based on two feature-rich super APPs:
QQ and WeChat.

4) Different Network Openness. Facebook allows
users to view their friends’ friends lists and visit their
posts, while Tencent’s users can only connect to their
own friends, that is, “friends of friends are not my
friends”.

2 Related Work

Metcalfe’s law has been discussed for more than
40 years since it was proposed. Some scholars state
that the square relationship in Metcalfe’s law either
overestimates or underestimates the value of the net-
work. Several competing laws have been proposed to
explore the relationship between network value V and
the number of users n, such as Sarnoff’s lawl?
(V xn), Odlyzko’s lawl3 (V o nlog,n), and Reed’s
lawl? (V o 27).

Metcalfe’s law has also been validated with differ-
ent data sources in multiple fields. The most represen-
tative work is that Metcalfe successfully fitted his law
to Facebook’s annual revenues in 20130l In 2015, Zh-
ang et allf utilized data from Facebook and Tencent
to verify Sarnoff’s law, Odlyzko’s law, Metcalfe’s law,
and Reed’s law. It found that Metcalfe’s law fits the
actual data the bestlfl. Van Hove extended Zhang et
al.’s approach by explicitly controlling changes in net-
work quality (cost per node) over time and filtered
out revenues and costs that are unrelated to Tencent’s
core services (social network)0. In 2016, Van Hove
presented a test of Metcalfe’s law and pointed out se-
veral difficulties encountered when testing the net-
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work laws, including the scope of the law, the bound-
aries of the market, the network size, and so onfll.
Van Hove’s experimental results proved that Metca-
Ife’ s law outperforms the other laws even more
clearlyl10, 11],

In the field of digital currency, Alabi proposed
that the digital blockchain network appears to be fo-
llowing Metcalfe’s lawl!Z and Peterson demonstrated
that bitcoin’s medium- to long-term price follows Me-
tcalfe’s lawll3l. In the field of Industrial Internet, Liu
proposed that all networked people, machines and
things have the possibility of collaboration and inter-
action, so can they create value beyond Metcalfe’s
law[l4? In the field of scientific enterprise, Weis and
Jacobson hypothesized that as the number of connec-
tions between research projects increases, the value
created by the scientific research transitions from lin-
ear to geometric in the number of funded projects(?.

3 Material and Method
3.1 Definitions of Terms

As is shown in Table 1, this paper follows Met-
calfe’s methodology to define the value, cost, and size
of the network. The revenue, cost, and MAUs data of
Facebook and Tencent are published in their finan-
cial reports. We organize and publish them publicly
as a supplementary material online®, which are la-
beled as Appendix Al. Besides, some of the experi-
mental data in this paper are included in the supple-
mentary material and are cited in the form of Ap-
pendix A2—-Appendix A9.

Table 1. Definitions of Terms

Symbol Unit  Definition Term in Financial
Reports

Vv USD  Value of a network Revenue

C USD  Cost of a network Revenue—
net profit

n MAU Network size, i.e., the MAU

number of MAUs
netoid MAU Growth trend of size n MAU

The value V is defined as the revenue and the cost
C is defined as the total business cost (tax included)
incurred in generating revenue. That is, cost is rev-
enue minus net profit.

The network size n is defined as the number of
monthly active users (MAUs). Facebook’s MAUs nu-
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mbers are from 2004 to 2020, including users of Face-
book and Messenger, which is consistent with Face-
book’s annual report definition. Tencent’s MAUs nu-
mbers are defined as the sum of QQ MAUs and
WeChat MAUs, as all Tencent’s services are based on
these two user account systems. Currently, Tencent
has not released the total MAUs of QQ in 2020.
Therefore, we use the Tencent MAUs data from 2003
to 2019.

3.2 Network Value, Cost, and Trend
Functions

To facilitate the data fitting, this paper formal-
izes the functions of the network value, cost, and
MAUs’ growth trend, which are listed in Table 2.

Table 2. Network Value, Cost, and Trend Functions
Function Model Unit of
Parameters
Value Sarnoff's V =axn a: USD/MAU
functions function?
Odlyzko’s V = a x nlog,n a: USD/MAU
function!
Metcalfe’s V = q x n? a: USD/MAU?
function!!]
Cube V=axn? a: USD/MAU?
function
Quad V=axn' a: USD/MAU*
function
Reed’s V=ax2" a: USD/MAU
function!”!
Cost Cost C=bxn? b: USD/MAU?
functions Square
function
Cost Cube C =bxn? b: USD/MAU?
function
Cost Quad C =bx n* b: USD/MAU*
function
Trend Netoid netoid = ——2____ p: MAU, h: year,
. . 1+ e—vx(t—h) 1
function  function v year

For the network value, this paper formalizes four
value functions according to the description of the
network effect laws, including Sarnoff’s function, Od-
lyzko’s function, Metcalfe’s function, and Reed’s func-
tion. In addition, this paper defines the Cube law and
the Quad law, and formalizes the Cube function and
the Quad function.

Definition 1 (Cube Law: V o< n®). The value of a
network is proportional to the cube of the number of
1ts users.

Definition 2 (Quad Law: V o n?). The value of a
network is proportional to the quad (fourth power) of
the number of its users.

Inspired by the network effect laws, this paper de-
fines three network cost functions to explore the rela-
tionship between the network cost and its size. The
cost functions are the Cost Square function, the Cost
Cube function, and the Cost Quad function.

This paper uses Metcalfe’s netoid functionl® as the
trend function to show the growth trend of the net-
work size with respect to time t. Here, p refers to the
peak value of the network size, v refers to the adop-
tion speed, and h refers to the time point at which the
growth rate is maximum, that is, the network size ne-
toid(t) reaches half the peak.

3.3 The Curve Fitting Method

This paper uses the “least squares” method to fit
Facebook and Tencent data to the value, cost, and
trend functions. The “least squares” method is a sta-
tistical procedure to find the best fit for a set of data
points by minimizing the sum of the squares of the er-
rors made in the results from the plotted curve. In
practice, we use the least squares function *leastsq”
provided by SciPy®, an open-source Python library.
Root-mean-square errors (RMSEs) are used to show
the fitting errors between the functions and the real
data. The units of RMSEs are billion USD. The nor-
malized root-mean-square errors (NRMSEs) are de-
fined as the ratio of the RMSEs to the difference be-
tween the maximum and the minimum of the actual
data, i.e., maz and min, to represent normalized er-
rors in percentage. That is,

NRMSE = RMSE/(max —min).

To explore the change of network value with the
expansion of the network size, this paper fits the real
data to the value functions from the beginning year to
every of the next 16 years.

4 Results and Discussions
4.1 Value Functions

This paper leverages the actual data of Facebook
and Tencent to validate the network value functions.
The fitting results are shown in Table 3. By compar-
ing the NRMSEs, we find that the best-fitting rela-
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Table 3. Fitting Results of Network Value Functions

Facebook Data (2004—2020)

Tencent Data (2003—2019)

Value Function NRMSE (%) Value Function NRMSE (%)
Sarnoff’s function VFacebook = 20.97 X n 14.84 Viencens = 16.71 x n 16.85
Odlyzko’s function Viacebook = 0.98 X nlogyn 14.32 Vencent = 0.55 X nlogyn 16.43
Metcalfe’s function Viacebook = 10.13 x 1072 x n? 5.65 Viencent = 10.89 x 1072 x n? 10.91
Cube function Viacebook = 4.20 x 10718 x n3 2.55 Veencens = 4.58 x 1078 x n? 8.48
Quad function Vracebook = 1.63 x 10727 x n? 6.79 Veencens = 3.52 x 10727 x n* 7.73

tionship between the network value and network size
has exceeded the square law, reaching the Cube law
and even approaching the Quad law.

As is shown in Fig.1, Metcalfe’s law can reflect
the growing trend of network value. However, the fit-
ting results of the Cube law are better than those of
Metcalfe’s law, and the NRMSEs are the smallest.
For Tencent, the NRMSE of the Quad law is 7.73%,
which is smaller than that of the Cube law (8.48%)

and Metcalfe’s law (10.91%).

Table 4 and Table 5 show the coefficients (a in
the functions), RMSEs, and NRMSEs of Facebook
and Tencent for various time periods with the same
start year and different end years respectively. Due to
the space limit, the unit of RMSE is omitted in the
two tables. We assume at least six years for a period.
The bold numbers in the tables represent the small-

est fitting errors among the network value functions
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0
100 {- — Metcalfe’s Law — Metcalfe’s Law °
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Fig.1. Value curves of (a) Facebook and (b) Tencent.
Table 4. Facebook’s Coefficients (a), RMSEs, and NRMSEs of the Network Value Functions
Start End  Sarnoff’s Function Odlyzko’s Function Metcalfe’s Function Cube Function Quad Function
Year Year a RMSE NRMSE a RMSE NRMSE ax RMSE NRMSE ax RMSE NRMSE ax RMSE NRMSE
(%) (%) 10 (%) 1018 (%) 10°%7 (%)
2004 2010 2.92 0.14 7.12 0.15  0.13 6.49 5.44 0.0861 4.36 9.12 0.17 8.86 14.93 0.23 11.77
2004 2011 3.77 0.31 8.49 0.19 0.29 7.86 5.25 0.0856 2.31 6.53 0.28 7.51 7.80 0.42 11.32
2004 2012 4.27 0.40 7.86 0.21  0.37 7.19 4.80 0.1700 3.37 4.83 0.49 9.67 4.66 0.72 14.13
2004 2013 5.10 0.75 9.56 0.25 0.71 9.00 5.03 0.2100 2.68 4.45 0.51 6.45 3.77 0.81 10.31
2004 2014 6.39 1.51 12.07 0.31 1.45 11.61 5.70 0.6400 5.10 4.56 0.49 3.96 3.49 0.82 6.61
2004 2015 7.88 2.36 13.16 0.38 227 12.69 6.32 0.9700 5.39 4.50 0.48 2.68 3.03 1.08 6.03
2004 2016 9.93 3.78 13.68 0.47  3.65 13.22 7.08 1.5000 5.44 4.38 0.52 1.87 2.53 1.68 6.06
2004 2017 1247 5.74 14.12 0.59 5.55 13.64 7.91 22400 5.52 4.28 0.57 1.41 2.16 2.36 5.81
2004 2018 15.35 8.19 14.66 0.73 792 14.19 8.85 3.4600 6.19 4.38 0.70 1.26 2.03 2.54 4.56
2004 2019 18.24 10.66 15.07 0.86 10.31 14.59 9.69 4.5800 6.48 444 0.81 1.14 1.92 2.87 4.06
2004 2020 20.97 12.76 14.84 0.98 12.31 14.32 10.13 4.8600 5.65 4.20 2.19 2.55 1.63 5.83 6.79
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Start End Sarnoff’s Function Odlyzko’s Function Metcalfe’s Function Cube Function Quad Function
Year Year , RMSE NRMSE o RMSE NRMSE ax RMSE NRMSE ax RMSE NRMSE ax RMSE NRMSE
(%) (%) 10° (%) 10" (%) 107 (%)
2003 2010 3.42 0.43 14.91 0.12  0.40 14.07 6.93 0.07 2.35 11.65 0.21 7.34 18.50 0.36 12.34
2003 2011 4.31 0.64 14.54 0.15 0.61 13.75 7.31 0.11 2.48 10.44 0.25 5.68 14.10 0.46 10.46
2003 2012 5.38 0.95 13.73 0.18 0.89 12.95 7.47 0.12 1.71 8.63 0.44 6.44 9.33 0.80 11.65
2003 2013 6.46 1.27 12.92 0.22 1.19 12.14 7.39 0.12 1.21 7.01 0.74 7.56 6.23 1.25 12.69
2003 2014 7.49 1.61 12.58 0.25 1.51 11.80 742 0.12 0.91 6.22 0.91 7.08 4.93 1.52 11.85
2003 2015 &8.31 1.83 11.64 0.28 1.71 10.83 7.03 0.42 2.64 5.01 1.53 9.74 3.36 2.37 15.02
2003 2016 9.45 2.42 11.11 0.31 2.26 10.37 7.05 0.40 1.84 4.46 1.75 8.04 2.65 2.78 12.75
2003 2017 11.91 5.08 13.94 0.39 4.92 13.51 8.49 3.11 8.52 5.24 2.94 8.06 3.09 3.38 9.27
2003 2018 14.33 7.07 15.59 0.47 6.88 15.15 9.68 4.30 9.49 5.73 3.39 7.47 3.24 3.40 7.48
2003 2019 16.71 9.10 16.85 0.55  8.87 16.85 10.89 5.89 10.91 6.32 4.58 8.48 3.52 4.18 7.73

for each row.

For Facebook, Metcalfe’s law has the smallest fit-
ting errors for periods 2004—2010, 2004—2011, 2004—
2012, and 2004-2013, and the Cube law has the sma-
llest fitting errors for more recent periods.

For Tencent, we see a similar transition from Met-
calfe’s law to the Cube law, except that the transiti-
on year is 2017. That is, Metcalfe’s law has the small-
est fitting errors for period 20032010 to period 2003—
2016. In the 2003-2019 period, the RMSE and the NR-
MSE of the Quad law are smaller than those of Met-
calfe’s law and the Cube law.

Comparing the transition years of Facebook and
Tencent, we find that the transition to the Cube law
happened later for Tencent (in 2017) than for Face-
book (in 2014), while Tencent transitioned to the
Quad law earlier (in 2019). We provide a possible rea-
son that the Facebook network is more open than the
Tencent network, and it is easier for users to estab-
lish sub-groups. Therefore Facebook can transition to
the Cube law earlier. Tencent’s MAUs decreased from
1.91 billion in 2018 to 1.89 billion in 2019, while the
revenue increased from $45.46 billion in 2018 to
$54.08 billion in 2019. The reverse trend change of the
MAUs and the revenue led to the best fitting result of
the Quad law for Tencent in 2019. There are two pos-
sible reasons for the reverse trend change: one is that
the value created by each user increases, and the oth-
er is that the monetization ratio is not constant.

Tencent’s revenue® is more diversified, which may
explain Tencent’s continued revenue growth after the
slowdown in MAUs growth. Up to 97.90% of Face-
book’s revenue came from advertising in 2020. For
Tencent, Value-added Services, FinTech and Busi-
ness Services, Online Advertising, and Others took up

53.01%, 26.86%, 18.12%, and 2.01% of Tencent’s rev-
enue respectively.

As Van Hove has done in 201509, we filter out
revenues (including e-Commerce transactions, Fin-
Tech and Business Services, and Others) that are un-
related to Tencent’s social network services. The fil-
tered revenues are shown in the Appendix Al of the
supplementary material of the paper® and the net-
work value functions and their RMSEs and NRMSEs
are shown in Table 6. After filtering, Tencent’s transi-
tion year is delayed to 2018. Metcalfe’s law has the
smallest fitting errors for period 2003-2010 to period
2003-2017. In the 2003—-2018 and 2003-2019 periods,
the Cube functions show the best fitting results.

Comparing the coefficients (a in the functions) of
Facebook and Tencent, we can find that Tencent’s co-
efficients are bigger than Facebook’s before filtering.
After filtering, the coefficients of the networks are
similar. It may indicate that Facebook and Tencent
users provide similar value on social network services,
while Tencent gains higher value through more di-
verse services.

The coefficients, RMSEs, and NRMSEs of the net-
work value functions of 6-year rolling periods of Face-
book and Tencent are publicly available in the sup-
plementary material of the paper® and are labeled as
Appendix A2 and Appendix A3 respectively. Ap-
pendix A4 shows the network functions with the fil-
tered revenues of Tencent. We observe similar transi-
tions from Metcalfe’s law to the Cube law. The tran-
sition years of Facebook and Tencent are 2014 and
2017, which is consistent with the conclusions in Ta-
ble 4 and Table 5 respectively.

In 2015, Van Hove proposed a “network quality”
indicator to present the quality of the companies’ ser-

©Tencent financial reports. http://www.tencent.com/en-us/ir/reports.shtml, Nov. 2022.
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Table 6. Tencent’s Coefficients (a), RMSEs, and NRMSEs of the Network Value Functions (Filtering out Revenues Unrelated to
Social Network Services)

Start End Sarnoff’s Function Odlyzko’s Function Metcalfe’s Function Cube Function Quad Function
Year Year , RMSE NRMSE o RMSE NRMSE ax RMSE NRMSE ax RMSE NRMSE x RMSE NRMSE
(%) (%) 10° (%) 1018 (%) 107 (%)

2003 2010 3.41 0.43 14.98 0.12 0.41 14.14 6.92 0.07 2.41 11.63 0.21 7.20 18.47 0.35 12.18
2003 2011 4.28 0.64 14.46 0.15 0.61 13.67 7.27 0.11 241 10.38 0.25 5.67 14.03 0.46 10.45
2003 2012 5.10 0.82 11.88 0.17 0.77 11.14 7.02 0.13 1.92 8.04 0.54 7.84 8.64 0.88 12.72
2003 2013 5.77 0.96 9.75 0.20 0.89 9.04 6.49 0.29 2.93 6.08 0.90 9.18 5.35 1.34 13.62
2003 2014 6.73 1.35 10.53 0.23 1.26 9.84 6.62 0.29 2.29 5.53 0.95 7.40 4.37 1.46 11.40
2003 2015 7.63 1.69 10.73 0.26  1.58 10.00 6.46 0.32 2.06 4.63 1.31 8.32 3.11 2.05 13.02
2003 2016 8.58 2.12 9.74 0.29 1.98 9.08 6.38 0.33 1.53 4.03 1.61 7.41 2.40 2.55 11.69
2003 2017 10.40 3.93 10.77 0.34 3.78 10.37 7.36 213 5.84 4.53 2.18 5.99 2.66 2.75 7.55
2003 2018 11.92 4.97 10.94 0.39 4.79 10.55 7.97  2.58 5.69 4.68 2.19 4.82 2.63 2.67 5.88
2003 2019 13.33 5.98 11.07 0.44 5.78 10.71 8.59  3.30 6.11 4.94 2.56 4.74 2.74 2.77 5.13

Note: the unit of RMSE is billion USD.

vices, which can be calculated by cost per MAUI. 4.2 Cost Functions

This paper follows Van Hove’s methodology to define
By using the actual data to fit the cost functions,

the network value functions with quality:
we find that the relationship between the cost and the

V=axSIZE +qx QUALITY, size also fits the Cube function.
while SIZE equals n, nlog(n), n?, n®, and n* respec- The fitting results of Facebook and Tencent actu-
tively, and QUAL[TY stands fOI‘ “network quality” . al data are ShOWIl in Flg2 and Table 7. For Face-

book and Tencent, the NRMSE of the Cost Cube
function is the smallest among the cost functions,
which is consistent with the value functions. The
NRMSEs of the Cost Cube function for Facebook and
Tencent are 5.14% and 6.86%, respectively.

Appendix A5 and Appendix A6 in the supplementary
material® present the fitting results of the network
value functions with quality of 6-year rolling periods.
For all network value functions, the RMSEs and
NRMSEs are lower when adding the quality indica-

) M ) :
tors. However, Sarnoff’s function, Odlyzko’s function, 4.3 Trend Functions
and Metcalfe’s function are collapsed since some coef-
ficients present negative signs. Metcalfe proposed the netoid function®, a particu-
x10° x10°
70 45
— Facebook Cost Square Function — Tencent Cost Square Function
604 Facebook Cost Cube Function 40 1~ — Tencent Cost Cube Function °
— Facebook Cost Quad Function . 35 | — Tencent Cost Quad Function
50 ® Facebook Actual Cost 0 e Tencent Actual Cost
— —~ 301
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% 301 g 207
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(a) (b)

Fig.2. Cost curves of (a) Facebook and (b) Tencent.
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Table 7. Fitting Results of the Cost Functions

Facebook Data (2007 —2020)

Tencent Data (2003—2019)

Cost Function NRMSE (%) Cost Function NRMSE (%)
Cost Square function  Chacebook = 6.79 X 107% x n? 7.27 CTencent = 7.94 X 107° x n? 11.80
Cost Cube function Chacohook = 2.81 x 10718 x n? 5.14 Cencent = 4.61 x 10718 x n? 6.86
Cost Quad function Chacobook = 1.09 x 10727 x n* 8.70 Cencent = 2.58 x 10727 x n* 7.97

lar S-curve adoption function, to estimate the growth
trend of network size n with respect to time ¢ Fig.3
presents the growth trend of MAUs of Facebook and
Tencent. The netoid functions are as follows:

_ 3.03 x 10°
Netoidpacebook = 1 + o 0-35x(—2014.40)

2.18 x 10°
NetOidTencent =

1 + e—0-34x(t—2012.56) °

The NRMSEs of Facebook and Tencent are 3.56%
and 2.00% respectively, which show that the growth
trend satisfies the netoid function well.

It is interesting to compare these results with
those of the 2015 studyl®l, where the netoid functions
for Facebook and Tencent are as follows:

1.45 x 10°

Netoidraceook = 1 + e 0-77x(t—2010.56) ’

2.61 x 10°

Netoidrencen = 1 + o-0.30%(:—2013.8) "

Note that the specific parameter values have ch-
anged. Facebook’s user growth speed decreases from
0.77 billion MAUs per year in 2014 to 0.35 billion
MAUs per year in 2020. Tencent’s user growth speed
remains almost unchanged, from 0.30 billion MAUs
per year in 2014 to 0.34 billion MAUs per year in
2019. The predicted peak number of MAUs of Face-
book increases from 1.45 billion to 3.03 billion, while
that of Tencent decreases from 2.61 billion to 2.18 bil-
lion.

X10°

—— Facebook Netoid Function o
2.54 *® Facebook Actual MAUs

3.0

2.0

1.5 1

1.0 1

Number of MAUSs

0.5 1

0.0 s o
2004 2006 2008 2010 2012 2014 2016 2018 2020
Year

(a)

5 Discussions

Although Facebook and Tencent have big differ-
ences in revenue, cost, business model, and technolo-
gy, both of their actual data fit the Cube law better
than Metcalfe’s law. Why?

We offer a possible explanation. The network val-
ue is affected not only by the number of connections,
but also by the number of sub-groups of the social
network, as postulated by Reedl®. Metcalfe’ s law
claims that the value of the network is proportional
to the number of the connections, and the number of
potential connections in a network of n nodes is
n(n — 1), which is asymptotically n?. However, ac-
cording to Reed, the value of a large social network
can scale exponentially with the size of the network,
which is based on the fact that the number of possi-
ble sub-groups is 2" A law depicting the value of fu-
ture large social networks should lie somewhere be-
tween Metcalfe’ s law (V ocn?) and Reed’ s law
(V o 2m).

What trends will the network value show in the
future for large social networks?

For the next decade, the MAUs as well as the val-
ues of large social networks may continue to grow.
However, the growth speed of the network size may
decrease under the combined effect of the following
four factors.

1) Natural Limit. The size of large social net-
works is unlikely to grow indefinitely. The total popu-
lation of the world, which is 7.59 billion in 2020, may

x10°
—— Tencent Netoid Function °
e Tencent Actual MAUs

2.00
1.75+
1.50+
1.25+
1.00+
0.75 1
0.50 1
0.25 1

L

0.00
2003 2005 2007 2009 2011 2013 2015 2017 2019
Year

(b)

Number of MAUSs

Fig.3. Netoid curves of (a) Facebook and (b) Tencent.
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impact the natural limits of MAUs.

2) Decentralization. Scholars are calling for decen-
tralized technologies to change the current Web
ecosystem to protect the ownership and privacy of
usersl!6], which may reduce user stickiness and thus
reduce the MAUs of large social networks. For exam-
ple, the inventor of the World Wide Web, Tim Bern-
ers-Lee, launched a web decentralization project
called Solid['7 (for Social Online Data) to enable users
to have full control of their online data.

3) Anti-Monopoly. Governments around the world
are conducting anti-monopoly investigations, which
will increase the number of competitors of large so-
cial network companiesl8; 19],

4) Objective Factor. Objective factors will affect
the MAUs and revenue of social networks, resulting in
deviations in data fitting of network effects. For ex-
ample, according to Facebook’s financial report®, due
to the impact of the COVID-19 epidemic, Facebook’s
MAUs have grown significantly, while advertising de-
mand and prices have fallen since the first quarter of
2020.

Even when the growth in MAUs slows, the net-
work value may continue to grow if the value per us-
er grows. Facebook’s per-user value increased from
8.97 dollars in 2014 to 30.70 dollars in 2020. Tencent’
s per-user value increased from 9.81 dollars in 2014 to
29.85 dollars in 2019. In 2014, due to low access band-
width and unreliable/unstable data connection, the
quality of Internet connections in China was lowl20],
and since then, as the quality of Internet connections
has improved, it may lead to an increase in per-user
value. However, the cost per user may also grow.
Facebook’s per-user cost increased from 6.86 dollars
in 2014 to 20.30 dollars in 2020. Tencent’s per-user
cost increased from 6.84 dollars in 2014 to 21.31 dol-
lars in 2019.

Do Metcalfe’s law and the Cube law only work for
Tencent and Facebook? This paper leverages the da-
ta of more social network companies, Weibo and
LinkedIn, to fit the network effect laws. Appendix A7
in the supplementary material® presents the Actual
Data of Weibo and LinkedIn. Appendix A8 and Ap-
pendix A9 present the coefficients, RMSEs, and
NRMSEs of the network value functions with 4-year
rolling periods in the supplementary material. For
Weibo, Metcalfe’s law has the smallest fitting errors
for period 2013- 2017 to period 2017- 2021, and

J. Comput. Sci. & Technol., Mar. 2023, Vol.38, No.2

Odlyzko’s law has the smallest fitting errors for peri-
od 2012-2016. For LinkedIn, Odlyzko’s law has the
smallest fitting errors for period 2010-2014 to period
2013—-2017, and Metcalfe’s law has the smallest fit-
ting errors for more recent periods. By fitting these
social network data, Metcalfe’s law shows good gener-
ality. Because the user scale of Weibo and LinkedIn is
smaller than that of Facebook and Tencent, the tran-
sition from Metcalfe’s law to the Cube law has not
been observed.

6 Conclusions

Facebook’s actual data over 2004-2020 and Tenc-
ent’s actual data over 2003—-2019 show that the value
of a social network fits a Cube law better than Met-
calfe’s law. That is, the value of a social network is
proportional to the cube of the number of users n.
The value functions of these two companies currently
stand at

Viracebook = 4.20 x 10718 x n?, RMSE =2.19 x 10° USD,

and
Viencent = 6.32 x 1071 x n®, RMSE = 4.58 x 10° USD,

respectively.
The actual data still fit Metcalfe’s law. The Met-
calfe’s functions stand at

ValFacebook = 10.13 x 1072 x n?, RMSE = 4.86 x 10° USD,
and
VatTencent = 10.9 x 107° x n?, RMSE = 5.89 x 10° USD,

respectively.

However, the fitting errors of Facebook and Ten-
cent, in terms of normalized root-mean-square errors
(NRMSEs), are smaller for the Cube law (2.55% and
8.48%) than for Metcalfe’s law (5.65% and 10.91%).

Real data also show that the cost of a network fits
the Cube law, instead of a linear law. The cost func-
tions of Facebook and Tencent are

CFacebook = 2.81 x 10_18 X TLS,

Crrencent = 4.61 x 107 x n®,

respectively. The NRMSEs of the Cost Cube func-
tions for Facebook and Tencent are 5.14% and 6.86%
respectively.

The growth trend of MAUs of Facebook and Ten-

®Facebook financial reports. http://investor.fb.com/, Nov. 2022.
Ohttps://github.com/zxzStar /Network-effect-laws, Nov. 2022.
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cent can be modeled by the following netoid func-
tions:

, 3.03 x 10°
Netoidpacenoo: = 1 4 o-0.35%(1—2014.40) °
_ 2.18 x 10°
NetOZchnccnt = 1 + 670.34><(t72012.56) )
respectively.

The NRMSEs of Facebook and Tencent are 3.56%
and 2.00% respectively.

References

[1] Gilder G. Metcalf’s law and legacy. Forbes ASAP, 1993,
152(6): 158-159. https://www.discovery.org/a/41/, Mar.
2023.

[2] Swann G M P. The functional form of network effects. In-
formation Economics and Policy, 2002, 14(3): 417-429.
DOI: 10.1016/S0167-6245(02)00051-3.

[3] Briscoe B, Odlyzko A, Tilly B. Metcalfe’s law is
wrong—Communications networks increase in value as
they add members—But by how much? IEEE Spectrum,
2006, 43(7): 34-39. DOI: 10.1109/MSPEC.2006.1653003.

[4] Van Hove L. Metcalfe’s law: Not so wrong after all. NET-
NOMICS: Economic Research and Electronic Networking,
2014, 15(1): 1-8. DOI: 10.1007/s11066-014-9084-1.

[5] Metcalfe B. Metcalfe’s law after 40 years of Ethernet.
Computer, 2013, 46(12): 26-31. DOI: 10.1109/MC.2013.374.

[6] Zhang X Z, Liu J J, Xu Z W. Tencent and Facebook da-
ta validate Metcalfe’s law. Journal of Computer Science
and Technology, 2015, 30(2): 246-251. DOI: 10.1007/s11390-
015-1518-1.

[7] Helmond A, Nieborg D B, Van Der Vlist F N. Facebook’s
evolution: Development of a platform-as-infrastructure.
Internet Histories, 2019, 3(2): 123-146. DOI: 10.1080/
24701475.2019.1593667.

[8] Li Z H, Liu G, Ji Z Y, Zimmermann R. Towards cost-ef-
fective cloud downloading with Tencent big data. Jour-
nal of Computer Science and Technology, 2015, 30(6):
1163-1174. DOI: 10.1007/s11390-015-1591-5.

[9] Reed D P. That sneaky exponential—Beyond Metcalfe’s
law to the power of community building, 2009. https://www.
immagic.com/eLibrary/ARCHIVES/GENERAL/GEN-
REF/C030200R.pdf, November 2022.

[10] Van Hove L. Metcalfe’s law and network quality: An ex-
tension of Zhang et al. Journal of Computer Science and
Technology, 2016, 31(1): 117-123. DOL 10.1007/s11390-
016-1615-9.

[11] Van Hove L. Testing Metcalfe’s law: Pitfalls and possibili-
ties. Information Economics and Policy, 2016, 37: 67-76.
DOI: 10.1016/j.infoecopol.2016.09.001.

[12] Alabi K. Digital blockchain networks appear to be follow-
ing Metcalfe’s Law. Electronic Commerce Research and
Applications, 2017, 24: 23-29. DOI: 10.1016/j.elerap.2017.
06.003.

[13] Peterson T. Metcalfe’s law as a model for Bitcoin’s value.
Alternative Investment Analyst Review, 2018, 7(2): 9-18.
DOI: 10.2139/ssrn.3078248.

[14] Liu Y H. Industrial Internet and the new industrial revo-
lution. Communications of the CCF, 2021, 17(8): 7. (in
Chinese)

[15] Weis J W, Jacobson J M. Learning on knowledge graph
dynamics provides an early warning of impactful research.
Nature Biotechnology, 2021, 39(10): 1300-1307. DOI: 10.
1038/s41587-021-00907-6.

[16] Yeung C M A, Liccardi I, Lu K H, Seneviratne O, Bern-
ers-Lee T. Decentralization: The future of online social
networking. In Proc. W3C Workshop on the Future of
Social Networking Position Papers, Jan. 2009, pp.2-7.
https://www.w3.0rg/2008/09/msnws/papers/decentral-
ization.pdf, Nov. 2022.

(17] Mansour E, Sambra A V, Hawke S et al. A demonstrati-
on of the solid platform for social web applications. In
Proc. the 25th Int. Conf. Companion on World Wide Web,
Apr. 2016, pp.223-226. DOI: 10.1145/2872518.2890529.

[18] Srinivasan D. The antitrust case against Facebook: A mo-
nopolist’s journey towards pervasive surveillance in spite
of consumers’ preference for privacy. Berkeley Business
Law Journal, 2019, 16(1): 39-101.

[19] Huang Y. Monopoly and anti-monopoly in China today.
American Journal of Economics and Sociology, 2019,
78(5): 1101-1134. DOI: 10.1111/ajes.12298.

[20] Li Z H, Christo W, Xu T Y, Liu Y, Lu Z, Wang Y L. Of-
fline downloading in China: A comparative study. In
Proc. the 2015 Internet Measurement Conference, Oct.
2015, pp.473-486. DOI: 10.1145/2815675.2815688.

Xing-Zhou

Ph.D. degree in computer science and

Zhang received his
technology from the Institute of Com-
Chinese

Academy of Sciences (CAS), Beijing,

puting Technology (ICT),

- in 2020. He is an assistant professor of
<7 ICT, CAS, Beijing. His current re-

search interests include distributed computing systems

and edge computing.

Zhi-Wei Xu received his Ph.D. de-
gree from the University of Southern
California, Los Angeles. He is a profes-
sor of the Institute of Computing
Technology, Chinese Academy of Sci-

ences, Beijing. His research areas in-

clude high-performance computer ar-
chitecture, network computing science, and distributed

computing systems.


https://www.discovery.org/a/41/
https://doi.org/10.1016/S0167-6245(02)00051-3
https://doi.org/10.1109/MSPEC.2006.1653003
https://doi.org/10.1007/s11066-014-9084-1
https://doi.org/10.1109/MC.2013.374
https://doi.org/10.1007/s11390-015-1518-1
https://doi.org/10.1007/s11390-015-1518-1
https://doi.org/10.1080/24701475.2019.1593667
https://doi.org/10.1080/24701475.2019.1593667
https://doi.org/10.1007/s11390-015-1591-5
https://www.immagic.com/eLibrary/ARCHIVES/GENERAL/GENREF/C030200R.pdf
https://www.immagic.com/eLibrary/ARCHIVES/GENERAL/GENREF/C030200R.pdf
https://www.immagic.com/eLibrary/ARCHIVES/GENERAL/GENREF/C030200R.pdf
https://www.immagic.com/eLibrary/ARCHIVES/GENERAL/GENREF/C030200R.pdf
https://doi.org/10.1007/s11390-016-1615-9
https://doi.org/10.1007/s11390-016-1615-9
https://doi.org/10.1016/j.infoecopol.2016.09.001
https://doi.org/10.1016/j.elerap.2017.06.003
https://doi.org/10.1016/j.elerap.2017.06.003
https://doi.org/10.2139/ssrn.3078248
https://doi.org/10.1038/s41587-021-00907-6
https://doi.org/10.1038/s41587-021-00907-6
https://www.w3.org/2008/09/msnws/papers/decentralization.pdf
https://www.w3.org/2008/09/msnws/papers/decentralization.pdf
https://www.w3.org/2008/09/msnws/papers/decentralization.pdf
https://doi.org/10.1145/2872518.2890529
https://doi.org/10.1111/ajes.12298
https://doi.org/10.1145/2815675.2815688

JOURNAL OF COMPUTER SCIENCE AND TECHNOLOGY
Volume 38, Number 2, March 2023

Content
Cover Article
Facebook and Tencent Data Fit a Cube Law Better than Metcalfe’s Law ........................ Xing-Zhou Zhang and Zhi-Wei Xu
On the Security of Smart Home Systems: A Survey .................. Bin Yuan, Jun Wan, Yu-Han Wu, De-Qing Zou, and Hai Jin

Special Section on Approximate Computing Circuits and Systems

Preface ..o Wei-Kang Qian, Ke Chen, Wei-Qiang Liu, and Hua-Wei Li
A Survey of Approximate Computing: From Arithmetic Units Design to High-Level Applications ..............ccocoviviiiiiiiiininan.
................................................... Hao-Hua Que, Yu Jin, Tong Wang, Ming-Kai Liu, Xing-Hua Yang, and Fei Qiao
A Survey of Reliability Issues Related to Approximate Circuits ... Zhen Wang, Rong-Chen Xu, Jia-Cheng Chen, and Jie Xiao
An Optimization Technique for PMF Estimation in Approximate Circuits ........................ Yu-Qin Dou and Cheng-Hua Wang
LMM: A Fixed-Point Linear Mapping Based Approximate Multiplier for IoT .........cccoiiiiiiiiiiiiiiii e
....................................................................................... Ying Wu, Chen-Yi Wen, Xun-Zhao Yin, and Cheng Zhuo
Approximate Processing Element Design and Analysis for the Implementation of CNN Accelerators ..............coooveviviinneni.
........................................................... Tong Li, Hong-Lan Jiang, Hai Mo, Jie Han, Lei-Bo Liu, and Zhi-Gang Mao
LayCO: Achieving Least Lossy Accuracy for Most Efficient RRAM-Based Deep Neural Network Accelerator via Layer-Centric
Co-Optimization ........cc.oeuiiiiiiieiiieee e Shao-Feng Zhao, Fang Wang, Bo Liu, Dan Feng, and Yang Liu
Computer Architecture and Systems

A Survey of Non-Volatile Main Memory File Systems ..................... Ying Wang, Wen-Qing Jia, De-Jun Jiang, and Jin Xiong
Isolate Sets Based Parallel Louvain Method for Community Detection.............coouiiiiiiiiiiiii e
.................................................................................... Hang Qie, Yong Dou, Zhen Huang, and Yun-Sheng Xiong
A Prefetch-Adaptive Intelligent Cache Replacement Policy Based on Machine Learning .............ccoooiiiiiiiiiiiiiiiiininan.
............................................................................................... Hui-Jing Yang, Juan Fang, Min Cai, and Zhi Cai
Parallel Software-Based Self-Testing with Bounded Model Checking for Kilo-Core Networks-on-Chip ..........c..coocoviiiiiinn,
................................................ Ying Zhang, Peng-Fei Ji, Pan-Wei Zhu, Zebo Peng, Hua-Wei Li, and Jian-Hui Jiang

Secure Speculation via Speculative Secret Flow Tracking ...........ccocovvivviinan... Hong-Wei Cui, Chun Yang, and Xu Cheng
Regular Paper
Single Image Deraining Using Residual Channel Attention Networks .................. Di Wang, Jin-Shan Pan, and Jin-Hui Tang

Optimization of Web Service Testing Task Assignment in Crowdtesting Environment ............c..ccooooiiiiiiiiiiiinnininn.,
....................................... Wen-Jun Tang, Rong Chen, Jia-Li Zhang, Lin Huang, Sheng-Jie Zheng, and Shi-Kai Guo

JOURNAL OF COMPUTER SCIENCE AND TECHNOLOGY
CHHEAUR A BR #4100

Volume 38 Number 2 2023 (Bimonthly, Started in 1986)
Indexed in: SCIE, Ei, INSPEC, JST, AJ, MR, CA, DBLP

(219)
(228)

(248)
(251)
(273)
(289)
(298)

(309)

(328)

(348)

(373)

(391)

(405)
(422)

(439)

(455)

Edited by:
THE EDITORIAL BOARD OF JOURNAL OF COMPUTER SCIENCE AND TECHNOLOGY
Zhi-Wei Xu, Editor-in-Chief, P.O. Box 2704, Beijing 100190, P.R. China
Managing Editor: Feng-Di Shu E-mail: jest@ict.ac.cn  http://jest.ict.ac.en  Tel.: 86-10-62610746

Copyright (©Institute of Computing Technology, Chinese Academy of Sciences 2023

Sponsored by: Institute of Computing Technology, CAS & China Computer Federation §
Supervised by: Chinese Academy of Sciences 3 N
. . Lal
Undertaken by: Institute of Computing Technology, CAS S N
Published by: Science Press, Beijing, China ° ==%
Printed by: Beijing Baochang Color Printing Co. Ltd z —§
Distributed by: @ ~

China: All Local Post Offices
Other Countries: Springer Nature Customer Service Center GmbH, Tiergartenstr. 15, 69121 Heidelberg, Germany
Awailable Online: https://link.springer.com/journal /11390

9

W4g—F]5: CN11-2296/TP WHE R A 2-578 RMB ¥160.00



	JCST COVER 2023-38-2
	JCST-2023-2-1-2845-219
	1 Introduction
	2 Related Work
	3 Material and Method
	3.1 Definitions of Terms
	3.2 Network Value, Cost, and Trend Functions
	3.3 The Curve Fitting Method

	4 Results and Discussions
	4.1 Value Functions
	4.2 Cost Functions
	4.3 Trend Functions

	5 Discussions
	6 Conclusions

	2023-2-Content

